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We propose many-body order parameters for bulk multipoles in crystalline systems, which orig-
inate from the non-trivial topology of the nested Wilson loop spectrum. The many-body order
parameters are designed to measure multipolar charge distribution in a crystalline unit cell, and
they match the localized corner charge originating from the multipoles. We provide analytic argu-
ments and numerical proof for the order parameters. Furthermore, we show that the many-body
order parameters faithfully measure the physical multipole moments even when the symmetries
quantizing multipoles are lost and thus the nested Wilson loop spectrum does not exactly reproduce
the physical multipole moments.
Theory of macroscopic polarization in a crystal lies at
the heart of the modern development of topological band
insulators.1 The theory provides a classic example of how
the non-trivial topology of bulk ground states can deter-
mine the quintessential properties of the quantum phases
such as symmetry-enforced boundary states.2,3 Further-
more, it nicely illustrates how the associated topology
can and cannot be diagnosed; the topology cannot be
measured by a local operator, but only through a gauge-
invariant number defined in a momentum space referred
as the Zak phase,4 or through a non-local many-body or-
der parameter.5 In particular, the discovery of the many-
body order parameters, or equivalently “invariants”, for
various topological insulators drastically increased our
understanding of topological states and expanded the
range of the search for the topological states beyond
free-fermion limits, e.g., strongly-correlated systems and
bosonic models.6–10
Recently, a new class of topological states, namely
higher-order topological insulators, has been discov-
ered.11–19 Interestingly, these higher-order states are con-
structed out of the electric multipoles, which material-
ize as topologically-protected modes at the corners and
hinges of the physical boundary. To characterize such
higher-order topology, the so-called “nested Wilson loop”
approach12 has been put forward and used to detect the
quantized multipoles. However, the nested Wilson loop
indices successfully work only when there exist symme-
tries which quantize the multipole moments12 and cur-
rently there is no generic bulk measure for the multi-
poles working even in the absence of the symmetries.
Also, a new class of higher-order topological insulator
has been introduced under the name an anomalous topo-
logical insulator19 whose non-trivial multipole moments
cannot be diagnosed by a naive application of the nested
Wilson loop approach. Moreover, the nested Wilson loop
is genuinely a free-fermion quantity and thus cannot be a
generic diagnosis for the higher-order topology in a gen-
eral many-body condensed matter system. This opens a
question how to measure multipole moments going be-
yond the nested Wilson loop picture.
Motivated from this, we propose a set of many-body
order parameters for the multipoles in crystalline sys-
tems, which succsefully measure the multipole moments
even when the quantizing symmetries are lost so that
the nested Wilson loop indices cannot be used to detect
the true bulk moments. In stark contrast to the nested
Wilson loop approaches, we utilize real-space charge dis-
tribution, which can be evaluated even for strongly-
correlated systems. To this end, we extend Resta’s gen-
eral definition of polarization5 to the multipoles:
Px =
1
2pi
Im
[
log〈Uˆ1〉
]
, Uˆ1 = e
2pii
∑
x pˆx , (1)
where pˆx =
xnˆ(x)
Lx
is the polarization density (relative to
x = 0) in the system of the length Lx with nˆ(x) being the
electron number at site x, and the sum is running over
the whole system. Here the expectation value 〈Uˆ1〉 is
over the many-body ground state subject to the periodic
boundary condition, i.e., x ∼ x + Lx. Compared to the
Berry-phase expression4 defined in momentum space, the
above formula Eq. (1) provides a clearer picture of the
macroscopic polarization Px by relating it to the local
microscopic polarization density pˆx. It also has played
an important role in developing theories of related topo-
logical states20,21 and other strongly-correlated systems,
which is known as generalized Hastings-Oshikawa-Lieb-
Schultz-Mattis theorem.22–24
Here, we define the macroscopic quadrupole moment
in a crystal as following:
Qxy =
1
2pi
Im
[
log〈Uˆ2〉
]
, Uˆ2 = e
2pii
∑
r qˆxy(r). (2)
Here qˆxy =
xy
LxLy
nˆ(r) is the quadrupole moment density
(relative to x = y = 0) per unit cell at the site r. Similar
to Eq. (1), Lx and Ly are the sizes of the system, and
the sum is over (x, y) ∈ (0, Lx] × (0, Ly]. Analogously,
the macroscopic octupole moment is defined as:
Oxyz =
1
2pi
Im
[
log〈Uˆ3〉
]
, Uˆ3 = e
2pii
∑
r oˆxyz(r). (3)
Here oˆxyz =
xyz
LxLyLz
nˆ(r) is the octupole moment density
per unit cell; the generalizations to higher-order poles
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2follows immediately. As in Resta’s formula, we use a
many-body ground state defined on the torus with pe-
riodic boundary conditions and each multipole moment
density is summed over the whole space. Our real-space
formula provides a complementary view to the momen-
tum space approach, the nested Wilson loop indices.12
In this paper, we prove that these many-body order pa-
rameters correctly measure the multipole moments which
originates from the topology of the nested Wilson loop
spectrum.12
A few remarks are in order. First, the multipole mo-
ments defined as above are ambiguous up to “mod 1”
because of the periodicity of complex phases; this am-
biguity reproduces the observation made in the previous
studies.11,12 Second, we emphasize that the above ex-
pressions are truly many-body order quantities because,
when the exponetials are expanded, they require to mea-
sure ∼ ∑r1,r2,··· ,rJ 〈nˆ(r1)nˆ(r2) · · · nˆ(rJ)〉, and this does
not reduce to the product of the few-particle observables.
To evaluate Eq. (2) and Eq. (3), we need the full knowl-
edge of the many-body ground state. On the other hand,
the expressions are gauge-invariant, i.e., it is independent
of the basis choice, and thus they measure physical quan-
tities.
We can also show that the expressions Eq. (2) and
Eq. (3) are invariant under the superposition of the triv-
ial atomic insulator to the system. For example, we take
Eq. (2) and Lx · Ly being odd. Let us first consider a
ground state |GStriv〉 = ⊗x|nˆx = 1〉 of an atomic triv-
ial insulator, which has 〈Uˆ2〉 = 1. When such a ground
state is superposed with the topological state |GStop〉,
i.e., |GSnew〉 = |GStop〉 ⊗ |GStriv〉, the quadrupole mo-
ment remains the same as before
Im log〈GStop|Uˆ2|GStop〉 = Im log〈GSnew|Uˆ2|GSnew〉,
and hence showing the stability against addition of trivial
bands (without turning on the coupling to the topologi-
cal states).25 This shows that our invariants Eq. (2) and
Eq. (3) measure certain topological properties of the in-
sulators. To further identify them as the “measure” for
the multipoles, we need a few more steps.
1. Analytic Arguments: Now we argue that Eq. (2)
and Eq. (3) are the physical multipole moments. We
will concentrate on the quadrupole moment Eq. (2) for
clarity. Below we choose our system to be on a torus
(x, y) ∈ (0, Lx] × (0, Ly] and subject to the periodic
boundary conditions x + Lx ∼ x and y + Ly ∼ y. The
effect of other coordinate parametrization is discussed in
the supplemental material.26
First, we note that the Qxy defined as above trans-
forms under the crystalline symmetries as the physical
quadrupole moment. For example, under the mirrors
{Mx,My}, we see that Uˆ2 → Uˆ∗2 , where asterisk de-
notes the complex conjugation, and thus Qxy → −Qxy.
(We defer a more careful analysis of the symmetry actions
including C4 symmetry to the supplemental material.
26)
Second, we can also intuitively understand why the
polarization must vanish for the quadrupole moment to
be well-defined. To this end, we perform x → x + Lx
globally, which maps Uˆ2 → Uˆ ′2 = Uˆ2Uˆ1;y where Uˆ1;y =
exp[2pii/Ly
∑
y ynˆ(r)] = exp(2piiPˆy). Although 〈Uˆ2〉 6=
〈Uˆ ′2〉 in general (because the ground state is not generally
an eigenstate of Uˆ1;y), we find
〈Uˆ ′2〉 = 〈Uˆ2〉〈Uˆ1;y〉+O(
1
Egap
),
where Egap is the excitation gap, which is inversely pro-
portional to the correlation length.6,26,27 In the ideal
limit Egap → ∞, we can see that the quadrupole mo-
ment, which is the imaginary part of 〈Uˆ2〉, is well-defined
when the polarization vanishes. Similarly, the total po-
larization Pˆx along x must vanish to have a well-defined
quadrupole moment. By passing, we note that this in-
variance of 〈Uˆ2〉 up to the perturbative correction is
weaker than the original Resta’s formula Eq. (1) where
x → x + Lx is an exact symmetry.26 Though we have
shown that the polarization at Egap → ∞ must vanish
to have a well-defined quadrupole moment, the polariza-
tion is invariant under the adiabatic change of the gap
when the quantizing symmetries present and thus the
same conclusion should apply to the finite-gap systems.
Finally, we can gain an important intuition from the
phenomenological effective theory of the multipole mo-
ments. Using the standard field theory technique, we
note
〈GS|Uˆa|GS〉 = Tr
[
e−βH
Z0 Uˆa
]∣∣∣
β→∞
∝ eiSeff [A0;a(r)], (4)
in which a = 1, 2, 3 depends on the particular multipole
that we are interested in, A0;a(r) is the gauge potential
configuration generated by the unitary Uˆa,
26 and Z0 is
the corresponding partition function. For the dipole case,
we have
A0;a=1(x, τ) = 2pi
x
Lx
δ(τ), Seff =
∫ Lx
0
dx
∫ β
0
dτ Px · Ex.
Here we used the semi-classical electromagnetism re-
sponse of the polarization Seff =
∫
~P · ~E. Remark-
ably, despite of its semi-classical origin, we note that
it is equivalent to the fully-quantum theory28,29 of one-
dimensional topological insulator. Explicitly evaluating
the value of the effective action, we find 〈Uˆ1〉 ∝ e2piiPx .
This can be further identified with the edge charge, which
we derive by solving the equation of motion qedge =∫
dx
δLeff
δA0
= Px.
We generalize this to the quadrupole case, whose effec-
tive response is26
Seff =
∫ Lx
0
dx
∫ Ly
0
dy
∫ β
0
dτ
Qxy
2
(∂yEx + ∂xEy), (5)
where Qxy is the physical quadrupole moment den-
sity and Ex,y are electric fields. This effective theory
captures the defining characteristics of the quadrupole
3insulator, including the corner charge and the charge
current pattern generated from an adiabatic Thouless
pumping.26 Implementing A0,a=2 =
2pi
LxLy
xyδ(τ), we find
〈Uˆ2〉 ∝ e2piiQxy . It is straightforward to show that this
quadrupole moment Qxy is precisely the corner charge
qc, i.e., Qxy = qc, by solving the equation of motion
for the probe gauge field δA0 as done in the polar-
ization case. Similar reasoning can be applied to the
octupole case, too. In summary, our many-body or-
der parameters agree with the corner charges qc, i.e.,
〈Uˆa〉 = exp(2piiqc), a = 1, 2, 3, which are the physical
manifestation of the multipole moments even in the ab-
sence of quantizing symmetries.
- Generalizations: With the effective theory in hand,
we can now generalize our order parameters to arbitrary
boundary condition, since the above relation Eq. (4)
holds independently of which boundary condition being
used. Furthermore, we can generalize the unitary Uˆa to
other unitaries saturating the effective action. For exam-
ple, we can use
Vˆ1(l) =
{
exp
[
2pii
l
∑
x xnˆ(x)
]
for x ∈ (0, l]
1 for x ∈ (l, Lx],
(6)
to measure the polarization.23 Here the whole system
may be subject to the open boundary condition or to
the periodic boundary condition. Similarly, we can de-
fine the generalized measure for the quadrupole moment
as following:
Vˆ2(l) =
{
exp
[
2pii
l2
∑
r xynˆ(r)
]
for r ∈ (0, l]× (0, l]
1 otherwise.
(7)
Again, the whole system may be subject to the periodic
or open boundary conditions. We will see numerically
that these operators work as good as the original formula.
- Corner Charge, Nested Wilson Loop Index,
and Multipole Moment: Here we discuss a few re-
lated but distinct quantities by restricting ourselves to
the quadrupolar case. (1) corner charge qc, which is the
total electric charge near the corner when the system is
subject to the open boundary conditions. (2) Wannier-
sector polarizations12 {pωx , pωy } (when they can be de-
fined) and associated quadrupole moment Qωxy = 2p
ω
xp
ω
y ,
which are defined by nested Wilson loops, and (3) phys-
ical quadrupole moment Qphxy. In general, all these three
can be different from each other.
However, if the bulk and boundary-alone polariza-
tions are absent (so that the quadrupole moments are
well-defined) and if the quadrupolar charge distribution
per unit cell is the only source of the corner charge,
then the corner charge qc would agree with a sensi-
ble quadrupole moment Qphxy.
12 On the other hand, the
nested Wilson loop index Qωxy does not agree with qc
generally.12 Hence, when the bulk-boundary correspon-
dence30,31 holds, i.e., the boundary polarization in the
FIG. 1. (a) The phase diagram of the quadrupole insulator
Eq. (8) when δ = 0 and λx = λy = 1. The shaded region
denotes topologically nontrivial phase (quadrupole moment
equals 0.5) and black dots denote bulk energy gap closing
points. (b) and (c) are evaluation of Qxy Eq. (2) for the
quadrupole insulator Eq. (8). We set λx = λy = 1 and δ = 0,
and evaluate Qxy (b) along the cut γx = γy and (c) along the
cut γx = 0.5. We see in both cases there is a sharp change
at γy = 1, which is consistent with the phase diagram (a).
(d) Anomalous topological quadrupole insulator.19 Here, the
ground state is known to be topological if Vz√
∆2+µ′2
> 1 and
trivial if Vz√
∆2+µ′2
< 1, and this is well captured by Uˆ2. See
the supplemental material for details on the model and the
numerical values of the parameters.26
systems of the open boundary condition is fully deter-
mined by the bulk quadrupole moments,12 we expect
generically
qc ≡ Qphxy 6= Qωxy,
in the absence of quantizing symmetries.
In this regard, our key claim is that, if the gap in the
nested Wilson loop spectrum is present (i.e., Qωxy can
be defined),12 our many-body order parameter Qxy in
Eq. (2) measures the physical observable Qphxy = qc, i.e.,
Qxy = Q
ph
xy = qc, which may not agree with the nested
Wilson loop Qωxy in the absence of quantizing symmetries.
Note that, when the gap in the nested Wilson loop
spectrum is absent and thus the quadrupole moments
cannot be defined from the nested Wilson loop method,
e.g., some C4-symmetric models in Ref. 32, Qxy does not
show stable values against the change in parameters nor
agree with the corner charge.26
2. Numerical Proof : We now proceed to the numer-
ical proof for our many-body order parameters by testing
the formula on the non-interacting topological quadrupo-
lar states. We emphasize again here that, though the
models are non-interacting, the quantity that we are com-
puting is intrinsically a many-body quantity which re-
quires the full knowledge of the many-body ground state.
In the momentum basis, the Hamiltonian for the topo-
4FIG. 2. Comparison between three different physical quan-
tities, complex phase of 〈Uˆ2〉, the quadrupole index Qωxy,
and corner charge qc for (a) isotropic Thouless pumping
Eq. (9) and (b) anisotropic Thouless pumping Eq. (10). While
the complex phase of 〈Uˆ2〉 and the corner charge qc agree
with each other with almost no discernible differences, the
quadrupole index Qωxy given in terms of the Wannier-sector
polarizations agrees with the two only at θ = pi/2, 3pi/2, i.e.,
δ = 0 and the quadrupole moment is quantized.
logical quadrupole insulator is
h(k) =
(
γx + λx cos(kx)
)
Γ4 + λx sin(kx)Γ3
+
(
γy + λy cos(ky)
)
Γ2 + λy sin(ky)Γ1 + δ Γ0. (8)
Here, Γa=0,··· ,4 is a proper set of gamma matrices.26
When δ = 0, there are two anti-commuting mirror sym-
metries Mˆx and Mˆy which quantize the quadrupole mo-
ment qxy to either 0 or 1/2 mod 1. If λx = λy and
γx = γy are imposed (while keeping δ = 0), there is a
C4 symmetry which also quantizes the quadrupole mo-
ment qxy to either 0 or 1/2 mod 1. δ 6= 0 breaks both
the mirror symmetries and C4 symmetry, which quantize
the quadrupoles, but C2 symmetry remains intact which
enforce the total polarization to vanish.
In FIG. 1, we present how the complex phase of 〈Uˆ2〉
changes along different cuts in the parameter space of
Eq. (8). The many-body order parameter Eq. (2) re-
produces the quantized quadrupole moments as well as
the sharp phase transitions between topological and triv-
ial quadrupole insulator, even when the bulk energy gap
does not close at the transition point.
Given the success of our many-body formula in repro-
ducing the phase diagram of Eq. (8), we applied it to
the anomalous topological quadrupole insulator,19 where
the naive application of the nested Wilson loop approach
fails to predict the non-zero quantized quadrupole mo-
ments and the related phase transition. Here we find re-
markably [see FIG. 1 (d)] that the expected quadrupole
moment and phase transition are successfully reproduced
with our many-body order parameter Uˆ2.
To define the quadrupole moment using the nested
Wilson loop, the existence of the Wannier gap is crucial
as we can then separate a Wannier band to evaluate the
Wanner-sector polarization. In the case of Eq. (8) with
δ = 0, the phase transition between topological and triv-
ial quadrupole insulator happens when the Wannier gap
(instead of physical energy gap) closes and re-opens. On
the other hand, |〈Uˆ2〉| always vanishes at phase bound-
ary, where the Wannier gap closes i.e., |λx/γx| = 1 or
|λy/γy| = 1 (Note that the physical gap closes only when
|λx/γx| = 1 and |λy/γy| = 1). This highlights the rela-
tion between the Wannier gap and |〈Uˆ2〉|.
Having seen the success of Uˆ2 operator in detecting
quantized quadrupole moment, we next ask what would
happen if we break symmetries that protect the quan-
tization of the quadrupole moment. In this case, the
quantization of the quadrupole moment is lost and the
quadrupole moment can take any value. However, due to
the bulk-boundary correspondence,12,30,31 we expect that
the corner charge is determined by the bulk quadrupole
moment and so should be identical to the phase of 〈Uˆ2〉.
For numerical confirmations, we employ two Thouless
pumping processes, one we call isotropic Thouless pro-
cess and the other we call anisotropic Thouless process,
where we relate three different quantities; a) the complex
phase factor of 〈Uˆ2〉 evaluated under full periodic bound-
ary condition, b) the quadrupole index12 Qωxy = 2p
ω
xp
ω
y
obtained from the nested Wilson loop, and c) the corner
charge qc localized at one corner under full open bound-
ary condition. We note that the previous study12 found
numerically that b) and c) are not equivalent in the ab-
sence of the quantizing symmetries.
For the isotropic Thouless pumping case, we change
the parameters in Eq. (8) according to
γx = γy = 1− 0.6 sin(θ)
λx = λy = 1 + 0.6 sin(θ)
δ = 0.6 cos(θ)
, (9)
and for the anisotropic Thouless pumping process, we
change the parameters according to
γx = 1− 0.6 sin(θ), γy = 1− 0.5 sin(θ)
λx = 1 + 0.6 sin(θ), λy = 1 + 0.5 sin(θ)
δ = 0.6 cos(θ)
, (10)
where θ ∈ [0, 2pi] is the pumping parameter. In FIG. 2,
we have plotted the three fundamentally different physi-
cal quantities for (a) isotropic and (b) anisotropic Thou-
less pumping processes. Apparent from the plots, we
see almost no discernible difference between the complex
phase factor of 〈Uˆ2〉 and the corner charge qc, indicat-
ing that the many-body order parameter faithfully rep-
resents the physical quadrupole moment. On the other
hand, the Wilson loop index Qωxy differs from the two in
general and agrees with the two only at quantized val-
ues. This is the numerical proof that Uˆ2 can measure the
physical quadrupole moment density in a crystal.
Next, we perform the numerical check for the general-
ized many-body order parameters Eq. (6) and Eq. (7) in
FIG. 3. We compute the phases of these invariants for
various l’s for the Su-Schrieffer-Heeger chain33 and topo-
logical quadrupolar insulators Eq. (8), which are both
subject to the nonzero δ that breaks the quantization
of polarization and quadrupole moments. For the Su-
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<latexit sha1_base64="sTuSGQy1mqFoZWfhgOgCY00eowc=">AAACynicjVHLSsNAFD2Nr1pfV ZdugkVwVRIRdFl048JFBfuAtkgyndbQaRImE6EUd/6AW/0w8Q/0L7wzTkEtohOSnDn3nDtz7w1TEWXK814LzsLi0vJKcbW0tr6xuVXe3mlmSS4Zb7BEJLIdBhkXUcwbKlKCt1PJg3EoeCscnet4647LLE riazVJeW8cDONoELFAEdXqCpL2g5tyxat6ZrnzwLegArvqSfkFXfSRgCHHGBwxFGGBABk9HfjwkBLXw5Q4SSgycY57lMibk4qTIiB2RN8h7TqWjWmvc2bGzegUQa8kp4sD8iSkk4T1aa6J5yazZn/LPTU5 9d0m9A9trjGxCrfE/uWbKf/r07UoDHBqaoioptQwujpms+SmK/rm7peqFGVIidO4T3FJmBnnrM+u8WSmdt3bwMTfjFKzes+sNse7viUN2P85znnQPKr6XtW/Oq7Uzuyoi9jDPg5pnieo4QJ1NEyVj3jCs 3PpSGfiTD+lTsF6dvFtOQ8fuiuR/g==</latexit><latexit sha1_base64="sTuSGQy1mqFoZWfhgOgCY00eowc=">AAACynicjVHLSsNAFD2Nr1pfV ZdugkVwVRIRdFl048JFBfuAtkgyndbQaRImE6EUd/6AW/0w8Q/0L7wzTkEtohOSnDn3nDtz7w1TEWXK814LzsLi0vJKcbW0tr6xuVXe3mlmSS4Zb7BEJLIdBhkXUcwbKlKCt1PJg3EoeCscnet4647LLE riazVJeW8cDONoELFAEdXqCpL2g5tyxat6ZrnzwLegArvqSfkFXfSRgCHHGBwxFGGBABk9HfjwkBLXw5Q4SSgycY57lMibk4qTIiB2RN8h7TqWjWmvc2bGzegUQa8kp4sD8iSkk4T1aa6J5yazZn/LPTU5 9d0m9A9trjGxCrfE/uWbKf/r07UoDHBqaoioptQwujpms+SmK/rm7peqFGVIidO4T3FJmBnnrM+u8WSmdt3bwMTfjFKzes+sNse7viUN2P85znnQPKr6XtW/Oq7Uzuyoi9jDPg5pnieo4QJ1NEyVj3jCs 3PpSGfiTD+lTsF6dvFtOQ8fuiuR/g==</latexit><latexit sha1_base64="sTuSGQy1mqFoZWfhgOgCY00eowc=">AAACynicjVHLSsNAFD2Nr1pfV ZdugkVwVRIRdFl048JFBfuAtkgyndbQaRImE6EUd/6AW/0w8Q/0L7wzTkEtohOSnDn3nDtz7w1TEWXK814LzsLi0vJKcbW0tr6xuVXe3mlmSS4Zb7BEJLIdBhkXUcwbKlKCt1PJg3EoeCscnet4647LLE riazVJeW8cDONoELFAEdXqCpL2g5tyxat6ZrnzwLegArvqSfkFXfSRgCHHGBwxFGGBABk9HfjwkBLXw5Q4SSgycY57lMibk4qTIiB2RN8h7TqWjWmvc2bGzegUQa8kp4sD8iSkk4T1aa6J5yazZn/LPTU5 9d0m9A9trjGxCrfE/uWbKf/r07UoDHBqaoioptQwujpms+SmK/rm7peqFGVIidO4T3FJmBnnrM+u8WSmdt3bwMTfjFKzes+sNse7viUN2P85znnQPKr6XtW/Oq7Uzuyoi9jDPg5pnieo4QJ1NEyVj3jCs 3PpSGfiTD+lTsF6dvFtOQ8fuiuR/g==</latexit><latexit sha1_base64="sTuSGQy1mqFoZWfhgOgCY00eowc=">AAACynicjVHLSsNAFD2Nr1pfV ZdugkVwVRIRdFl048JFBfuAtkgyndbQaRImE6EUd/6AW/0w8Q/0L7wzTkEtohOSnDn3nDtz7w1TEWXK814LzsLi0vJKcbW0tr6xuVXe3mlmSS4Zb7BEJLIdBhkXUcwbKlKCt1PJg3EoeCscnet4647LLE riazVJeW8cDONoELFAEdXqCpL2g5tyxat6ZrnzwLegArvqSfkFXfSRgCHHGBwxFGGBABk9HfjwkBLXw5Q4SSgycY57lMibk4qTIiB2RN8h7TqWjWmvc2bGzegUQa8kp4sD8iSkk4T1aa6J5yazZn/LPTU5 9d0m9A9trjGxCrfE/uWbKf/r07UoDHBqaoioptQwujpms+SmK/rm7peqFGVIidO4T3FJmBnnrM+u8WSmdt3bwMTfjFKzes+sNse7viUN2P85znnQPKr6XtW/Oq7Uzuyoi9jDPg5pnieo4QJ1NEyVj3jCs 3PpSGfiTD+lTsF6dvFtOQ8fuiuR/g==</latexit>
1
2⇡
Im
⇥
loghVˆ1(l)i
⇤
<latexit sha1_base64="NAti4eCQ2q jmCBsyJgPctfIVtWg=">AAADDXicjVFPTxQxHH0MKIj/Vjh6adyY4GUzQ0j0SP QCN0jYhWRns+mU7tDQ+ZNOx0Am+xn8Jt68Ga98ARPDAc76Lfy1lkQkRjuZzuv7 vfemvzartWpsHF8uRItL9+4vrzxYffjo8ZOnvWdro6ZqjZBDUenKHGW8kVqVcm iV1fKoNpIXmZaH2ek7Vz98L02jqvLAntdyUvC8VDMluCVq2ttJZ4aLLpl3m2mt 5iy18syaotstCGcqH7NUVzlNvMy1ZOkJt91oPk029CuWmkCSbjLt9eNB7Ae7C5I A+ghjr+p9Q4pjVBBoUUCihCWswdHQM0aCGDVxE3TEGULK1yXmWCVvSypJCk7sK c05rcaBLWntMhvvFvQXTa8hJ8NL8lSkM4Td35ivtz7ZsX/L7nym29s5fbOQVRB rcULsv3w3yv/1uV4sZnjje1DUU+0Z150IKa0/Fbdz9ltXlhJq4hw+prohLLzz5 pyZ9zS+d3e23Ne/e6Vj3VoEbYsfbpd0wcmf13kXjDYHSTxI9rf622/DVa/gOV5 gg+7zNbaxgz0MKfsjvuIK19GH6FP0OfrySxotBM86bo3o4ifFnqxU</latexit ><latexit sha1_base64="NAti4eCQ2q jmCBsyJgPctfIVtWg=">AAADDXicjVFPTxQxHH0MKIj/Vjh6adyY4GUzQ0j0SP QCN0jYhWRns+mU7tDQ+ZNOx0Am+xn8Jt68Ga98ARPDAc76Lfy1lkQkRjuZzuv7 vfemvzartWpsHF8uRItL9+4vrzxYffjo8ZOnvWdro6ZqjZBDUenKHGW8kVqVcm iV1fKoNpIXmZaH2ek7Vz98L02jqvLAntdyUvC8VDMluCVq2ttJZ4aLLpl3m2mt 5iy18syaotstCGcqH7NUVzlNvMy1ZOkJt91oPk029CuWmkCSbjLt9eNB7Ae7C5I A+ghjr+p9Q4pjVBBoUUCihCWswdHQM0aCGDVxE3TEGULK1yXmWCVvSypJCk7sK c05rcaBLWntMhvvFvQXTa8hJ8NL8lSkM4Td35ivtz7ZsX/L7nym29s5fbOQVRB rcULsv3w3yv/1uV4sZnjje1DUU+0Z150IKa0/Fbdz9ltXlhJq4hw+prohLLzz5 pyZ9zS+d3e23Ne/e6Vj3VoEbYsfbpd0wcmf13kXjDYHSTxI9rf622/DVa/gOV5 gg+7zNbaxgz0MKfsjvuIK19GH6FP0OfrySxotBM86bo3o4ifFnqxU</latexit ><latexit sha1_base64="NAti4eCQ2q jmCBsyJgPctfIVtWg=">AAADDXicjVFPTxQxHH0MKIj/Vjh6adyY4GUzQ0j0SP QCN0jYhWRns+mU7tDQ+ZNOx0Am+xn8Jt68Ga98ARPDAc76Lfy1lkQkRjuZzuv7 vfemvzartWpsHF8uRItL9+4vrzxYffjo8ZOnvWdro6ZqjZBDUenKHGW8kVqVcm iV1fKoNpIXmZaH2ek7Vz98L02jqvLAntdyUvC8VDMluCVq2ttJZ4aLLpl3m2mt 5iy18syaotstCGcqH7NUVzlNvMy1ZOkJt91oPk029CuWmkCSbjLt9eNB7Ae7C5I A+ghjr+p9Q4pjVBBoUUCihCWswdHQM0aCGDVxE3TEGULK1yXmWCVvSypJCk7sK c05rcaBLWntMhvvFvQXTa8hJ8NL8lSkM4Td35ivtz7ZsX/L7nym29s5fbOQVRB rcULsv3w3yv/1uV4sZnjje1DUU+0Z150IKa0/Fbdz9ltXlhJq4hw+prohLLzz5 pyZ9zS+d3e23Ne/e6Vj3VoEbYsfbpd0wcmf13kXjDYHSTxI9rf622/DVa/gOV5 gg+7zNbaxgz0MKfsjvuIK19GH6FP0OfrySxotBM86bo3o4ifFnqxU</latexit ><latexit sha1_base64="NAti4eCQ2q jmCBsyJgPctfIVtWg=">AAADDXicjVFPTxQxHH0MKIj/Vjh6adyY4GUzQ0j0SP QCN0jYhWRns+mU7tDQ+ZNOx0Am+xn8Jt68Ga98ARPDAc76Lfy1lkQkRjuZzuv7 vfemvzartWpsHF8uRItL9+4vrzxYffjo8ZOnvWdro6ZqjZBDUenKHGW8kVqVcm iV1fKoNpIXmZaH2ek7Vz98L02jqvLAntdyUvC8VDMluCVq2ttJZ4aLLpl3m2mt 5iy18syaotstCGcqH7NUVzlNvMy1ZOkJt91oPk029CuWmkCSbjLt9eNB7Ae7C5I A+ghjr+p9Q4pjVBBoUUCihCWswdHQM0aCGDVxE3TEGULK1yXmWCVvSypJCk7sK c05rcaBLWntMhvvFvQXTa8hJ8NL8lSkM4Td35ivtz7ZsX/L7nym29s5fbOQVRB rcULsv3w3yv/1uV4sZnjje1DUU+0Z150IKa0/Fbdz9ltXlhJq4hw+prohLLzz5 pyZ9zS+d3e23Ne/e6Vj3VoEbYsfbpd0wcmf13kXjDYHSTxI9rf622/DVa/gOV5 gg+7zNbaxgz0MKfsjvuIK19GH6FP0OfrySxotBM86bo3o4ifFnqxU</latexit >
1
2⇡
Im
⇥
loghVˆ2(l)i
⇤
<latexit sha1_base64="qmrRcwEGNhQ4Zc7I/upldXpclUM=">AAADDXicjVFPaxQxHH0dq9ZW7apHL8FFaC/LzFKox6KXemvB3RZ2liWTZqehmT9kMmIZ9jP4T XrrrfTqFxCkBz3rt/CXmIK1iGaYzMv7vfcmvySrtWpsHF8tRXeW7967v/Jgde3ho8frvSdPx03VGiFHotKVOcx4I7Uq5cgqq+VhbSQvMi0PspM3rn7wXppGVeU7e1rLacHzUs2V4JaoWW83nRsuumTRDdNaLVhq5Qdriu5tQThT+YSluspp4mWuJUuPue3Gi9lwQ2+y1ASSdNNZrx8PYj/YbZAE0EcYe1XvC1IcoYJAiwISJSxhDY6Gng kSxKiJm6IjzhBSvi6xwCp5W1JJUnBiT2jOaTUJbElrl9l4t6C/aHoNORlekqcinSHs/sZ8vfXJjv1bducz3d5O6ZuFrIJYi2Ni/+W7Vv6vz/ViMccr34OinmrPuO5ESGn9qbids9+6spRQE+fwEdUNYeGd1+fMvKfxvbuz5b7+3Ssd69YiaFv8cLukC07+vM7bYDwcJPEg2d/q77wOV72C53iBDbrPbexgF3sYUfYZPuMrvkUfo/PoIr r8JY2WgucZbozo00/ID6xV</latexit><latexit sha1_base64="qmrRcwEGNhQ4Zc7I/upldXpclUM=">AAADDXicjVFPaxQxHH0dq9ZW7apHL8FFaC/LzFKox6KXemvB3RZ2liWTZqehmT9kMmIZ9jP4T XrrrfTqFxCkBz3rt/CXmIK1iGaYzMv7vfcmvySrtWpsHF8tRXeW7967v/Jgde3ho8frvSdPx03VGiFHotKVOcx4I7Uq5cgqq+VhbSQvMi0PspM3rn7wXppGVeU7e1rLacHzUs2V4JaoWW83nRsuumTRDdNaLVhq5Qdriu5tQThT+YSluspp4mWuJUuPue3Gi9lwQ2+y1ASSdNNZrx8PYj/YbZAE0EcYe1XvC1IcoYJAiwISJSxhDY6Gng kSxKiJm6IjzhBSvi6xwCp5W1JJUnBiT2jOaTUJbElrl9l4t6C/aHoNORlekqcinSHs/sZ8vfXJjv1bducz3d5O6ZuFrIJYi2Ni/+W7Vv6vz/ViMccr34OinmrPuO5ESGn9qbids9+6spRQE+fwEdUNYeGd1+fMvKfxvbuz5b7+3Ssd69YiaFv8cLukC07+vM7bYDwcJPEg2d/q77wOV72C53iBDbrPbexgF3sYUfYZPuMrvkUfo/PoIr r8JY2WgucZbozo00/ID6xV</latexit><latexit sha1_base64="qmrRcwEGNhQ4Zc7I/upldXpclUM=">AAADDXicjVFPaxQxHH0dq9ZW7apHL8FFaC/LzFKox6KXemvB3RZ2liWTZqehmT9kMmIZ9jP4T XrrrfTqFxCkBz3rt/CXmIK1iGaYzMv7vfcmvySrtWpsHF8tRXeW7967v/Jgde3ho8frvSdPx03VGiFHotKVOcx4I7Uq5cgqq+VhbSQvMi0PspM3rn7wXppGVeU7e1rLacHzUs2V4JaoWW83nRsuumTRDdNaLVhq5Qdriu5tQThT+YSluspp4mWuJUuPue3Gi9lwQ2+y1ASSdNNZrx8PYj/YbZAE0EcYe1XvC1IcoYJAiwISJSxhDY6Gng kSxKiJm6IjzhBSvi6xwCp5W1JJUnBiT2jOaTUJbElrl9l4t6C/aHoNORlekqcinSHs/sZ8vfXJjv1bducz3d5O6ZuFrIJYi2Ni/+W7Vv6vz/ViMccr34OinmrPuO5ESGn9qbids9+6spRQE+fwEdUNYeGd1+fMvKfxvbuz5b7+3Ssd69YiaFv8cLukC07+vM7bYDwcJPEg2d/q77wOV72C53iBDbrPbexgF3sYUfYZPuMrvkUfo/PoIr r8JY2WgucZbozo00/ID6xV</latexit><latexit sha1_base64="qmrRcwEGNhQ4Zc7I/upldXpclUM=">AAADDXicjVFPaxQxHH0dq9ZW7apHL8FFaC/LzFKox6KXemvB3RZ2liWTZqehmT9kMmIZ9jP4T XrrrfTqFxCkBz3rt/CXmIK1iGaYzMv7vfcmvySrtWpsHF8tRXeW7967v/Jgde3ho8frvSdPx03VGiFHotKVOcx4I7Uq5cgqq+VhbSQvMi0PspM3rn7wXppGVeU7e1rLacHzUs2V4JaoWW83nRsuumTRDdNaLVhq5Qdriu5tQThT+YSluspp4mWuJUuPue3Gi9lwQ2+y1ASSdNNZrx8PYj/YbZAE0EcYe1XvC1IcoYJAiwISJSxhDY6Gng kSxKiJm6IjzhBSvi6xwCp5W1JJUnBiT2jOaTUJbElrl9l4t6C/aHoNORlekqcinSHs/sZ8vfXJjv1bducz3d5O6ZuFrIJYi2Ni/+W7Vv6vz/ViMccr34OinmrPuO5ESGn9qbids9+6spRQE+fwEdUNYeGd1+fMvKfxvbuz5b7+3Ssd69YiaFv8cLukC07+vM7bYDwcJPEg2d/q77wOV72C53iBDbrPbexgF3sYUfYZPuMrvkUfo/PoIr r8JY2WgucZbozo00/ID6xV</latexit>
(a)
<latexit sha1_base64 ="PUrdddi9Z8I1rlO9LZtdTb3cpyQ=">AAACz3 icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7 APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbW ITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVt fWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgw J3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE 5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDH iJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEG etCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX 3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kur n5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8Tedq Vi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqP OYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zas xlmh18W8bDBx1PlB0=</latexit><latexit sha1_base64 ="PUrdddi9Z8I1rlO9LZtdTb3cpyQ=">AAACz3 icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7 APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbW ITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVt fWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgw J3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE 5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDH iJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEG etCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX 3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kur n5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8Tedq Vi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqP OYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zas xlmh18W8bDBx1PlB0=</latexit><latexit sha1_base64 ="PUrdddi9Z8I1rlO9LZtdTb3cpyQ=">AAACz3 icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7 APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbW ITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVt fWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgw J3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE 5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDH iJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEG etCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX 3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kur n5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8Tedq Vi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqP OYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zas xlmh18W8bDBx1PlB0=</latexit><latexit sha1_base64 ="PUrdddi9Z8I1rlO9LZtdTb3cpyQ=">AAACz3 icjVHLSsNAFD3GV62vqks3wSLUTUlE0GXRjcsW7 APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbW ITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVt fWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgw J3B91nSHZyrevGYi4VF4IUcx6wbOIOR97jmSqE 5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDH iJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEG etCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX 3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kur n5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8Tedq Vi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqP OYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zas xlmh18W8bDBx1PlB0=</latexit>
(b)
<latexit sha1_base64="6C6tkb77wqyjAhNeqMSTDzEcRLA=">AAACz3icjVHLSsNAFD3GV62vqks3w SLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR 97jmSqE5HslspgnHJPZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasxlmh18W 8bDBx+xlB4=</latexit><latexit sha1_base64="6C6tkb77wqyjAhNeqMSTDzEcRLA=">AAACz3icjVHLSsNAFD3GV62vqks3w SLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR 97jmSqE5HslspgnHJPZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasxlmh18W 8bDBx+xlB4=</latexit><latexit sha1_base64="6C6tkb77wqyjAhNeqMSTDzEcRLA=">AAACz3icjVHLSsNAFD3GV62vqks3w SLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR 97jmSqE5HslspgnHJPZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasxlmh18W 8bDBx+xlB4=</latexit><latexit sha1_base64="6C6tkb77wqyjAhNeqMSTDzEcRLA=">AAACz3icjVHLSsNAFD3GV62vqks3w SLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xBbWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuGxuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbOIOR 97jmSqE5HslspgnHJPZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4SBGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7dsaGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cwrIFbi iti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFxCvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0HjsGxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasxlmh18W 8bDBx+xlB4=</latexit>
FIG. 3. Evaluation of the phase of 〈Vˆa=1,2(l)〉 of Eq. (6) and
Eq. (7) for various values of l in the case of (a) Su-Schrieffer-
Heeger chain and (b) Quadrupole insulator Eq. (8). We set
γ = 1.0 (γx = γy = 1.0) and δ = 0.2 and change λ (= λx =
λy).
Schrieffer-Heeger chain, we have used
hSSH(k) =
(
δ γ + λe−ik
γ + λeik −δ
)
.
Surprisingly, the overall trend is insensitive to which
boundary condition is used and insensitive even when l
is less than a half of the system size. Generically, we find
that as l approaches the full system size and as the sys-
tem size becomes large enough, these invariants collapse
to the corner charge as we predicted.
To benchmark our formula for the interacting models,
we also confirmed that our many-body order parame-
ter can diagnose the non-trivial topology of the exactly-
solvable bosonic higher-order topological insulator34 with
the corner spin.26
Finally, we also have applied our invariant Eq. (2)
to another model, the “boundary polarization model”12
supporting quantized corner charges qc = ±1/2 yet
having vanishing quadrupole moment (with suitable
perturbations). Our order parameter correctly cap-
tures the vanishing quadrupole moment despite of the
nonzero corner charges coming from boundary-alone
polarizations.26 We also find several interesting numer-
ical observations on Uˆa including the dependence on co-
ordinate parametrizations, which we discuss in detail in
supplemental materials.26
3. Conclusions: We have proposed many-body
order parameters which work for both the quantized
and non-quantized multipoles in crystalline many-body
quantum states. Using analytical arguments, we have
demonstrated that they can be identified with the corner
charges originating from the multipole moments. Based
on the reasonings of the effective field theories, we have
provided an extension of our formulas, which work even
for the case of open boundary condition. Finally, we pro-
vided numerical proof of our order parameters by present-
ing explicit computations in toy models and confirmed
that they can measure the multipole moments. Com-
pared to the nested Wilson loop indices,12 our order pa-
rameters can measure the multipole moments even in the
absence of quantizing symmetries and can be applied to
interacting systems as well. On the other hand, in the
presence of the quantizing symmetries, we have consis-
tent results with the nested Wilson loop indices and pro-
vide complementary real-space formulation.
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2Appendix A: Details on Symmetry Properties of Uˆ2
In this section, we present the details of the symmetry actions on the many-body order parameters in Uˆ2. This
highlights under what conditions Uˆ2 is well-defined and yields a quantized value when evaluated with respect to a
many-body state. In the following, we discuss the action of the crystalline C4 symmetry on the many-body order
parameter and the large translation symmetry.
1. Large Translation Symmetry
Here we provide the details of the large coordinate translation operation x → x + Lx (with Lx being the system
size along x-direction) on the many-body quadrupolar invariant Eq. (2) in main text. As noted in the main text, we
find
x→ x+ Lx : Uˆ2 → Uˆ2Uˆ1;y (A1)
in which Uˆ1;y is the many-body measure for the polarization along y direction. Now the key step that we used in the
main text is
〈Uˆ2〉 = 〈Uˆ2〉〈Uˆ1;y〉+O
( 0
Egap
)
,
= 〈Uˆ2〉〈Uˆ1;y〉+O
( ξ
a0
)
, (A2)
where 0 and a0 are the unit energy and unit scale which make the expressions dimensionless. From the first line to the
second line, we used the fact that 1Egap ∝ ξ with ξ being the correlation length. When the correlation length becomes
an atomic scale ξ → 0+ (ultra-short correlated), i.e., the ideal atomic insulator limit, we see that 〈Uˆ2〉 = 〈Uˆ2〉〈Uˆ1〉
which enforces 〈Uˆ1〉 = 1.
The above equations can be derived from the following observation:
Uˆ1|GS〉 = 〈Uˆ1〉|GS〉+O
( 0
Egap
)
, (A3)
which is a slight rewriting of Eq. (37) in Ref. [1].
2. C4 Symmetry and Mirrors
With the discussion above, we now discuss the action of C4 on Uˆ2 for the domain M = [1, Lx]× [1, Ly]. Obviously
the system respects the C4 symmetry only when Lx = Ly = L. Furthermore, it is not difficult to see that the domain
M = [1, L]× [1, L] is transformed into M′ = [−L,−1]× [1, L]. Hence, we find that
C4 : Uˆ2 → Uˆ∗2 Uˆ1;x. (A4)
Since, in the ideal limit ξ → 0+, 〈Uˆ∗2 Uˆ1;x〉 = 〈Uˆ∗2 〉〈Uˆ1;x〉 = 〈Uˆ∗2 〉 (with vanishing polarization) and thus 〈Uˆ2〉 = 〈Uˆ∗2 〉.
This enforces Qxy = −Qxy which is consistent with the previous work2. In fact, even for the mirror symmetries
Mx ×My discussed in the main text, extra factors of Uˆ1;µ=x,y’s do show up because of the transformations on the
domain M, which need to be included. Nevertheless, the conclusion made in the main text remains the same, i.e.,
C4 or mirrors flip the sign of Qxy, which can be explicitly seen in our many-body order parameters in an appropriate
limit.
Appendix B: Details on Effective Field Theory of Quadrupole Moments
In this section, we provide the details of the effective field theory for the quadrupolar insulators. We first derive
the effective response from the semi-classical picture and then use it to reproduce the quitessential features3 of the
topological quadrupolar insulators. Furthermore, we also show the link between the ground state expectation value
〈Uˆa〉 and the partition function. Although we mainly focus on the quadrupolar case, let us remark that all the
discussions here can be straightforwardly generalized to the octupolar and higher-polar cases.
3-q
(a) Monopole (b) Dipole (c) Quadrupole
-q +q
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-q +q
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FIG. 1. Charge configuration in real space with multipole moments
1. Derivation of Effective Action: Multipolar Electromagnetism
We start from the effective responses for electric multipoles. First, the uniform monopole or charge density ρ in a
spatial region M has the following response:
Seff =
∫
M
dτddr ρV (r) (B1)
Second, a single dipole at the site r with the magnitude ~P = qd has the following response:
Sdipole =
∫
dτ q
[
V (r + d)− V (r)
]
≈
∫
dτ qd · ∂V (r) =
∫
dτ ~P · ~E. (B2)
Hence, when there are uniform polarization density ~P over the area M, we find
Seff =
∫
M
dτddr ~P · ~E. (B3)
Third, a single quadrupole Qxy = qd
2 at the site r = (x, y) (see Fig. 1) has the following response:
Squadrupole =
∫
dτ q
[
V (x, y)− V (x+ d, y)− V (x, y + d) + V (x+ d, y + d)
]
≈
∫
dτ qd2∂x∂yV (x, y)
=
∫
dτ
Qxy
2
[
∂xEy + ∂yEx
]
. (B4)
Thus, when there are uniform quadrupole density Qxy over the area M, we find
Seff =
∫
M
dτddr
Qxy
2
[
∂xEy + ∂yEx
]
, (B5)
which is the effective action used in the main text.
It is not difficult to show that the uniform octupole density Oxyz over the region M has the following response:
Seff =
∫
M
dτddr
Oxyz
3
[
∂x∂yEz + ∂z∂yEx + ∂z∂xEy
]
. (B6)
2. Corner Charge and Thouless Pumping
From the effective action for the quadrupole Eq. (B5), we can reproduce the essential features3 of the topological
quadrupolar insulators. For this, let us consider a rectangular region M = (−Lx, Lx) × (−Ly, Ly) with uniform
Qxy 6= 0, which has an open boundary with the vacuum Qxy = 0 as described in Fig. 2 (a).
4M
(a)
(𝑄𝑥𝑦 ≠ 0)
M
(b)
(𝜕𝜏𝑄𝑥𝑦 ≠ 0)
+q
-q
-q
+q
FIG. 2. (a) Corner charges of quadrupolar insulator derived from the effective action. Charges are only localized at four corners
of the rectangular region M, which has nonzero quadrupole moment Qxy = 0. Note that the vacuum has trivial quadrupole
moment Qxy = 0. (b) Charge current configuration derived from the effective action under the Thouless pumping. In this case,
charges flow only along the boundary of M and their directions are denoted as arrows.
a. Corner charge
We first compute the corner charge. It can be done by computing the equation of motion for A0 in the effective
response.
ρ(r) =
δLeff
δA0(r)
= ∂x∂yQxy (B7)
Obviously, the RHS of the above equation, ∂x∂yQxy, is non-zero only at the corners of M. Hence, we find
ρ(r) = Qxy
[
δ(x− Lx)δ(y − Ly)− δ(x+ Lx)δ(y − Ly)− δ(x− Lx)δ(y + Ly) + δ(x+ Lx)δ(y + Ly)
]
. (B8)
This is consistent with the intuitive picture of the corner charge generated from the quadrupolar moment density.
Integrating over the quadrant of the M, we finally find that
qc = ±Qxy, (B9)
whose sign depends on which quadrant of the space that we integrate over.
b. Thouless pumping
Next we imagine that the uniform quadrupolar moment density Qxy depends on time, i.e., we have Qxy = Qxy(τ).
This allows the charge currents to flow along the boundary of the topological quadrupolar insulators. To see this, we
calculate
Jx =
δLeff
δAx
= −∂y∂τQxy, Jy = δLeff
δAy
= −∂x∂τQxy, (B10)
which is essentially equivalent to the charge flow in the process of Thouless pumping in the topological quadrupolar
insulator, obtained in Ref. [3]. See FIG. 2 (b) for the direction of current along the boundary of M during the
Thouless pumping.
3. From 〈GS|Uˆa|GS〉 to Partition Functions
Here we relate the ground state overlaps and the partition functions, which has been extensively used in many-body
order parameters for symmetry-protected topological states4,5 on the relation of the ground state expectation values
5of the symmetry operators and the partition functions. This is in fact a small variation of the standard Dyson formula,
which can be found in any quantum field theory text books.
We first start with noting that
|GS〉 = 1√
Z
∑
n
e−
β
2H |n〉, Z = Tr[e−βH ], (B11)
where the true ground state can be obtained by letting the “temperature” 1/β → 0. This implies that
〈GS|Uˆa|GS〉 ∝ 1
Z
∑
n
〈n|e− β2H Uˆae−
β
2H |n〉 = 1
Z
Tr
[
e−βH Uˆa
]
. (B12)
Now, in order to relate Eq. (B12) to the effective functional against the gauge potential configuration set by Uˆa, we
need to properly interpret the partition function in the RHS of Eq. (B12). Pictorially, this can be represented as
the imaginary time evolution (See Fig. 3). For a proper interpretation, let us break the partition function into the
two parts. The first part is the action of Uˆa. Note that these Uˆa’s involve complex phase factors proportional to
the particle number, i.e., Uˆa ∼ exp
[
iφ(r)nˆ(r)
]
(with φ(r) depending on a). This means that Uˆa appearing on the
partition function Eq. (B12) is the same as the action of the gauge potential A0(r, τ) on the states at τ = 0, i.e.,
A0(r, τ) ∝ δ(τ). In the second part, we act exp(−βH), which is the imaginary time-evolution on the states after the
action of Uˆa.
Because the RHS of Eq. (B12) can be interpreted as the evolution of the states under the gauge potentials, the
RHS should be equivalent to the following:
〈GS|Uˆa|GS〉 ∼ |Z| exp
(
iSeff [A0(r, τ)]
)
, (B13)
in which Seff [A0(r, τ)] is the effective response against A0(r, τ), which is set by Uˆa. Here, we also used the fact that
the multipolar electromagnetic responses are topological (or Berry phase) because they involve a single time-derivative
∼ ∂τ . Thus, this multipolar response against A0(r, τ) contributes to the imaginary part of the 〈Uˆa〉. With these, it
is straightforward to confirm that our many-body order parameters are designed to saturate Seff = 2piQxy for the
quadrupole case and 2piPx for the dipole case.
𝝉
Space
𝝉 = 𝟎 Action of ෡𝑈𝑎
∼ exp −න𝑑𝜏 𝐻
FIG. 3. Interpretation of partition functions with the insertion of Uˆa. Uˆa acts at τ = 0 followed by the imaginary time evolution
along τ . Periodic boundary condition is used along τ direction.
Appendix C: Exactly-Solvable Bosonic Higher-Order Topological Insulator
Here we prove that our many-body order parameter can diagnose the bosonic higher-order topological insulator6
at the exactly-solvable points, i.e., where the correlation length is the size of the unit cell. The model that we study
6here has four spin- 12 ’s per unit cell and it consists of the two-spin interactions respecting SU(2).
H = J
∑
P
∑
〈i,j〉∈P
Sˆi · Sˆj + λ
∑
R
∑
〈i,j〉∈R
Sˆi · Sˆj (C1)
Here J parametrizes the strength of the spin- 12 ’s if the two spins i, j belong to the intersite plaquette and λ parametrizes
the strength of the spin- 12 ’s if the two spins i, j belong to the intrasite plaquette. Obviously Sz is conserved and hence
we have U(1) symmetry.
If λ = 0 or J = 0, the model is exactly solvable and the ground state can be explicitly written out6. At these limits,
the ground state is the simple product of the wavefunctions per each four spin- 12 ’s connected by either by J or λ:
|P 〉 = 1
2
√
2
[
| ↑↑↓↓〉+ | ↓↑↑↓〉+ | ↑↓↓↑〉
]
− 1
2
[
| ↑↓↑↓〉+ | ↓↑↓↑〉
]
. (C2)
The many-body order parameter can be constructed as following:
Uˆ2 = exp
[ 2pii
LxLy
∑
r
xy(Sˆzr − S¯)
]
, (C3)
where S¯ = 2 is introduced. This S¯ is the average background spin density, which we subtract out. This can be
explicitly computed for the exact ground states, and we obtain that the topological state has (−1) = 〈Uˆ2〉 (for J 6= 0
and λ = 0) and (+1) = 〈Uˆ2〉 (for J = 0 and λ 6= 0).
Appendix D: Details on Tight-Binding Models
In this section, we summarize the physical properties and the symmetries of the tight-binding models for the
topological insulator appearing in the main text.
1. Su-Schrieffer-Hegger chain
A minimal model for one-dimensional crystalline topological insulator is the Su-Schrieffer-Hegger (SSH) chain7
which is a tight-binding model having alternating “weak” and “strong” hopping terms:
HSSH =
∑
r
[(
γc†r,1cr,2 + λc
†
r,2cr+1,1 + h.c.
)
+ δ
(
c†r,1cr,1 − c†r,2cr,2
)]
, (D1)
where c†r,α=1,2 is the electron creation operator at site r orbital α, γ and λ are inter- and intra-site hopping strengths,
and δ is the onsite potential strength. Under the periodic boundary condition, it is convenient to work with the Bloch
basis:
c†k,α =
1√
L
L∑
r=1
e−ikrc†r,α, (D2)
where k = 2pinL for some n ∈ Z, α = 1, 2 is the orbital index, and L is the system size. ck,α can be defined analogously.
The block Hamiltonian in terms of the Bloch state is given by
hSSH(k) =
(
δ γ + λeik
γ + λe−ik −δ
)
. (D3)
2. Topological Quadrupole insulator
A minimal model for topological quadrupole insulator3, is given by
H =
∑
r
[
γx
(
c†r,1cr,3 + c
†
r,2cr,4 + h.c.
)
+ γy
(
c†r,1cr,4 − c†r,2cr,3 + h.c.
)
+ λx
(
c†r,1cr+xˆ,3 + c
†
r,4cr+xˆ,2 + h.c.
)
+ λy
(
c†r,1cr+yˆ,4 − c†r,3cr+yˆ,2 + h.c.
)
+ δ
(
c†r,1cr,1 + c
†
r,2cr,2 − c†r,3cr,3 − c†r,4cr,4
)]
, (D4)
7where c†r,α and cr,α are the fermion creation and annihilation operator at site r = (x, y) and α = 1, 2, 3, 4 is the orbital
index. If we impose the periodic boundary condition along x- and y-direction then it is convenient to work with the
Bloch (momentum) basis
c†k,α =
1√
LxLy
Lx∑
x=1
Ly∑
y=1
e−ik·rc†r,α,
where k = (kx, ky) = (
2pinx
Lx
,
2piny
Ly
) for some nx, ny ∈ Z is the Bloch momentum, α = 1, 2, 3, 4 is the orbital index,
and Lx and Ly is the system size along x- and y-direction. ck,α is defined analogously. Using the Bloch basis, the
Hamiltonian Eq. (D4) takes the block diagonal form
h(k) =
(
γx + λx cos(kx)
)
Γ4 + λx sin(kx)Γ3 +
(
γy + λy cos(ky)
)
Γ2 + λy sin(ky)Γ1 + δΓ0, (D5)
where Γ0 = τ3 ⊗ τ0, Γi = −τ2 ⊗ τi for i = 1, 2, 3, Γ4 = τ1 ⊗ τ0, where τ0 is the 2 × 2 identity matrix and τi is the
ith Pauli matrix. When δ = 0, the physical energy band spectrum is gapless only when |γx/λx| = 1 and |γy/λy| = 1
while the Wannier gap closes when |γx/λx| = 1 or |γy/λy| = 1. The ground state at half-filling becomes a topological
quadrupole insulator when δ = 0, |γx/λx| < 1, and |γy/λy| < 1.
a. Symmetries of the tight-binding model
When δ = 0 in Eq. (D4), there exists various symmetries which quantize the quadrupole moment qxy = 0, 1/2 mod 1.
In the following, we summarize the symmetries of Eq. (D4) in the case of δ = 0.
b. Mirror symmetries
With respect to the Bloch basis, x- and y-mirror symmetry can be written as
Mˆx = iτ1 ⊗ τ3 and Mˆy = iτ1 ⊗ τ1, (D6)
and the block Hamiltonian Eq. (D5) transforms as
Mˆxh(kx, ky)Mˆ
−1
x = h(−kx, ky) and Mˆyh(kx, ky)Mˆ−1y = h(kx,−ky). (D7)
Because of the pi flux threaded in each plaquette, two mirror symmetries do not commute but anticommute:
{Mˆx, Mˆy} = 0.
c. C4 symmetry
When λx = λy and γx = γy in addition to δ = 0, there exists C4 symmetry which also quantizes qxy. With respect
to the Bloch basis, the C4 symmetry can be represented as
rˆ4 =
(
0 τ0
−iτ2 0
)
(D8)
and also
rˆ4h(kx, ky)rˆ
−1
4 = h(ky,−kx) (D9)
holds.
d. C2 symmetry
Even when δ 6= 0, there exists C2 symmetry which quantizes the polarization in x- and y-direction. So when |δ| is
small compared to other parameters in Eq. (D5), both x and y polarization are 0 hence the quadrupole moment qxy is
8well-defined although it is no-longer quantized. With respect to the Bloch basis, the C2 operator can be represented
as
rˆ2 = −iτ0 ⊗ τ2, (D10)
and also
rˆ2h(k)rˆ
−1
2 = h(−k) (D11)
holds.
e. Symmetry breaking perturbations
Here, we present how onsite symmetry breaking perturbations affect the bulk quadrupole moment defined as a
complex phase of 〈Uˆ2〉 when perturbing away from a topological quadrupole insulator point. In adding perturbations,
we still want to keep C2 symmetry as this would enforce the quantization of polarization in x- and y-direction, i.e.,
total polarization remains zero when the perturbation is small.
Starting from the C2 operator Eq. (D10), one can classify 4× 4 matrices that commute with rˆ2. The general form
of such matrix can be expressed as
Hpert =
(
arτ0 + crτ2 ecτ0 + fcτ2
e∗cτ0 + f
∗
c τ2 brτ0 + drτ2
)
, (D12)
where ar, br, cr, dr are real parameters, ec and fc are complex parameters, and asterisk denotes the complex conju-
gation. One can immediately see that δ term in Eq. (D5) is reproduced when ar = −br = δ and set all the other
coefficients to zero in Eq. (D12). Let us also note that when (ar = br = 0, cr = −dr, ec = −ifc ∈ R), Eq. (D12)
preserves two mirror symmetries and when (ar = br = 0, cr = dr, ec = −ifc ∈ R), Eq. (D12) preserves C4 symmetry.
One can check numerically that when the perturbation Eq. (D12) is onsite, only nonzero ar and br do change the
quadrupole moment whereas other terms does not. When ar and br are nonzero, we can always add an identity matrix
with some coefficient so that the perturbation reduces to the δ term in Eq. (D5). Hence Eq. (D5) is quite generic.
3. Topological Octupolar Insulator
A minimal model for an octupole insulator is given by3
hoctupole(k) =λy sin(ky)Γ
′
1 +
[
γy + λy cos(ky)
]
Γ′2 + λx sin(kx)Γ
′
3
+
[
γx + λx cos(kx)
]
Γ′4 + λz sin(kz)Γ
′
5 +
[
γz + λz cos(kz)
]
Γ′6, (D13)
where Γ′i = σ3⊗Γi for i = 0, 1, 2, 3 with Γi being the same set of Gamma matrices appearing in Eq. (D5), Γ′4 = σ1⊗I4×4,
Γ′5 = σ2⊗I4×4, Γ′6 = iΓ′0Γ′1Γ′2Γ′3Γ′4Γ′5, and γx,y,z and λx,y,z are intra- and inter-site hopping strengths. When |λi| > |γi|
for all i = x, y, z, the half-filled ground state has topologically nontrivial octupole moment.
a. Evaluation of 〈Uˆ3〉
Here we present the numerical evaluation of the expectation value of Uˆ3 with respect to the half-filled ground state
of the octupole insulator Eq. (D13). As done in the quadrupole insulator case, which is summarized in the FIG. 1 in
main text, we change the parameter through the phase transition between the trivial insulator and the topological
octupole insulator, as shown in FIG. 4.
4. Anomalous Topological Quadrupolar Insulator
A minimal model for an anomalous topological quadrupole insulator is given by Ref. [8].
HATQI(k) =
[
2tx
(
1− cos(kx)
)− µ]σ3 ⊗ σ0 ⊗ σ0 + Vzσ0 ⊗ σ3 ⊗ σ0 + ∆σ1 ⊗ σ0 ⊗ σ0
+ α sin(kx)σ3 ⊗ σ2 ⊗ σ0 −
[
β1 − β2 cos(ky)
]
σ3 ⊗ σ1 ⊗ σ2 − β2 sin(ky)σ3 ⊗ σ1 ⊗ σ1, (D14)
9FIG. 4. The complex phase of 〈Uˆ3〉 for topological octupole insulator Eq. (D13). We set λx = λy = λz = 1.0 and tune
γ ≡ γx = γy = γz ∈ [0, 2]. When γ < 1.0 (γ > 1.0), the ground state is in topological (trivial) octupole insulator phase, which
is indeed captured by 〈Uˆ3〉 up to finite-size effect.
FIG. 5. Edge-localized polarization model Eq. (D15) with (γ, λx, λy) = (0.1, 1.0, 0.5) and change δ ∈ [0, 0.3]. The corner charge
comes solely from the boundary localized polarization and the bulk quadrupole moment vanishes. We indeed see that the
complex phase of 〈Uˆ2〉 is trivial up to finite size effects.
where tx is the nearest neighbor hopping strength in x-direction, µ is the chemical potential, Vz is the Zeeman energy,
∆ is the superconducting pairing strength, α and β1/β2 are the Rashba spin-orbit coupling strengths in x- and y-
direction. In the main text, we set (tx, µ,∆, α, β1, β2) = (1.7,−0.9, 1.6, 3.7, 0.8, 6.2) and tune Vz ∈ [0.7, 2.7]. When
Vz >
√
∆2 + µ′2, the half-filled ground state is topologically nontrivial and when Vz <
√
∆2 + µ′2, the half-filled
ground state is trivial where µ′ ≈ 0.46 for our choices of parameters.
5. Edge-Localized Polarization Model
One of the key characteristic of the quadrupole insulator is that the following four physical observables are identical:
qc = |pedgex | = |pedgey | = Qxy, where qc is the corner charge localized at one edge in the case of full open boundary
condition, pedgex(,y) is edge localized polarization along x-direction (y-direction) in the case of open boundary condition
along x-direction (y-direction) and periodic boundary condition along y-direction (x-direction), and Qxy is the bulk
quadrupole moment. In contrast, there exists model, edge-localized polarization model, in which qc = |pedgex |+ |pedgey |
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FIG. 6. Scaling of many-body order parameters |〈Uˆn=1,2〉| versus the linear system size L in the case of (a) SSH chain Eq. (D3)
with (γ, λ, δ) = (1.0, 2.0, 0.1) and (b) topological quadrupole insulator Eq. (D5) with (γx, γy, λx, λy, δ) = (1.0, 1.0, 2.0, 2.0, 0.1).
(a) The modulus of 〈Uˆ1〉 converges to 1 as L → ∞, as expected in the case of a gapped insulator. (b) The modulus of 〈Uˆ2〉
decays exponentially in L even in the case of a gapped insulator.
and Qxy = 0 instead. A minimal model for this edge-localized polarization model is given by
3
h(k) =
(
δτ0 q(k)
q†(k) −δτ0
)
,
q(k) =
(
γ + λxe
ikx γ + λye
iky
γ + λye
−iky γ + λxe−ikx
)
, (D15)
where τ0 is the 2× 2 identity matrix and γ and λ are intra- and inter-layer hopping strengths. To see our many-body
order parameter Uˆ2 Eq. (E4) indeed not sensitive to the edge-localized polarization that is not coming from the
bulk quadrupole moment, we numerically compute the complex phase of 〈Uˆ2〉 for the minimal model Eq. (D15). In
FIG. 5, we set (γ, λx, λy) = (0.1, 1.0, 0.5) and change δ ∈ [0, 0.3]. As we tune δ, the corner charge changes and equals
|pedgex | + |pedgey |, while the bulk quadrupole moment vanishes. As we can be seen in the figure, the complex phase of
〈Uˆ2〉 is trivial, hence capturing the vanishing bulk quadrupole moment.
Appendix E: Miscellaneous Observations on many-body order parameters
Here we present several miscellaneous observations on many-body order parameters. This includes the scaling
behavior of |〈Uˆa〉| and the dependence on the coordinate re-parametrizations. To be concrete, we concentrate on the
polarization Uˆ1 and quadrupolar moment Uˆ2.
1. Scaling of |〈Uˆa〉|
a. Scaling of |〈Uˆ1〉|
Here we summarize the known scaling forms of the modulus of the expectation value of Uˆ1, which is introduced by
Resta [9]. For an one-dimensional system with system size L, the Resta’s operator is given by
Uˆ1 = exp
(
2pii
L
L∑
x=1
xnˆx
)
, (E1)
where nˆx =
∑
α c
†
x,αcx,α is the occupation number operator at site x with α being the orbital index and we label the
position at site x to x = 1, 2, · · · , L. Eq. (E1) is well-defined in the sense that upon re-labeling a position x by x+L,
Uˆ1 remains invariant. Moreover, in the case of a band insulator, the expectation value of Uˆ1 is related to the Zak
phase by (up to an additional minus sign which we address in detail below)
1
2pi
Im
(
log〈Uˆ1〉
)
=
∫
BZ
dk tr
(Ak)+O(1/L) mod 1, (E2)
11
where the expectation value in the LHS is with respect to the many-body ground state, the integral in the RHS is
the Zak phase10 with BZ denotes the one dimensional Brillouin Zone, Ak is the Berry connection, and O(1/L) term
vanishes as the system size L → ∞. This provides a proof that the phase of the expectation value of Uˆ1 detects the
polarization, as the polarization is equal to the Zak phase in a proper unit.
Although the complex phase of 〈Uˆ1〉 gives the electric polarization, its modulus also captures invaluable information,
e.g., the localization length of the ground state11. In FIG. 6, we provide the scaling of (a) |〈Uˆ1〉| for the SSH chain
Eq. (D3) with (γ, λ, δ) = (1.0, 2.0, 0.1) versus the linear system size L. In this case, the bulk gap is finite. As expected,
when the linear system size L→∞, |〈Uˆ1〉| → 1 in the case of the SSH chain. In general, when the bulk gap is nonzero,
the modulus of the expectation value |〈U1〉| converges to a positive number as L→∞. On the other hand, at critical
point |〈U1〉| vanishes as L→∞ and it is conjectured to obey the following scaling relation12:
|〈Uˆ1〉| ∼ 1
Lβ
, (E3)
where β > 0 is the exponent characterizing the decay in the thermodynamic limit.
b. Scaling of |〈Uˆ2〉|
Here we perform the scaling study of |〈Uˆ2〉| with respect to the length and the Wannier gap. Recall that Uˆ2 is
Uˆ2 = exp
(
2pii
LxLy
Lx∑
x=1
Ly∑
y=1
xynˆ(x,y)
)
, (E4)
where nˆ(x,y) is the occupation number operator at site (x, y) and we label the x- (y-)position of site (x, y) as x =
1, 2, · · · , Lx (y = 1, 2, · · · , Ly).
First of all, at least within the finite-size calculation up to L ∼ 20 and within the toy model, we found that, unlike
|〈Uˆ1〉|, |〈Uˆ2〉| seems to exhibit the exponential decay in L = Lx = Ly as shown in FIG. 6 (b), even for the insulating
ground state (here the Wannier bands are also gapped).
|〈Uˆ2〉| ∼ e−αL, (E5)
where α > 0 is an exponent characterizing the exponential decay. However, to conclude that this scaling behavior is
generic for any insulator, we need more detailed and thorough calculations on various models. Keeping this in mind,
at this moment we would like to modestly mention that the scaling behaviors of the modulus of 〈Uˆ2〉 is quite different
from those of Uˆ1. Despite of exponentially vanishing modulus for the models that we consider, the complex phases
of the expectation value can be reliably measured for the typical system sizes that we worked on, e.g., L ∼ 10 − 20.
We also have checked that the Dirac semimetal state, which has a zero energy gap, also shows an exponential decay
(with different exponent) in system size L.
Second, we perform the comparative studies of the modulus with the Wannier gap. For this we use the model
of the topological quadrupole insulator Eq. (D5) with δ = 0. Here the topological-to-trivial quadrupole insulator
transition is associated with the Wannier gap closing transition while the bulk gap may not close at the transition
point3. To see how 〈Uˆ2〉 detects such quantum phase transition, we compute |〈Uˆ2〉| across the phase transition.
Due to the quantization by symmetries, 〈Uˆ2〉 is a real number and changes its sign across the phase transition. So
precisely at the transition point, 〈Uˆ2〉 vanishes up to the correction from finite-size effect. In FIG. 7, we present two
scenarios of Wannier-gap closing transition, one by tuning δ and the other by tuning λy. In FIG. 7 (a) and (b), we fix
(γx, γy, λx, λy) = (0.75, 1.0, 1.0, 1.0) and tune δ ∈ [−0.2, 0.2]. When δ = 0, Wannier gap closes and |〈Uˆ2〉| becomes the
smallest. In FIG. 7 (c) and (d), we fix (γx, λx, λy, δ) = (0.75, 1.0, 1.0, 0.0) and tune γy ∈ [0.75, 1.25]. When γy < 1, the
half-filled ground state is the topological quadrupole insulator and when γy > 1, the half-filled ground state is trivial.
In FIG. 7 (c), we compute the Wannier gap associated with the Wannier bands νx(ky). We see that the minimum of
|〈Uˆ2〉| occurs around the phase transition point γy = 1.0.
2. Dependence on Coordinate Parameterization
As outlined in the main text, our many-body operators as well as the original Resta’s operator can be generalized by
acting only on subsystem and/or change in the boundary conditions. In this subsection, we would like to discuss the
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FIG. 7. Comparison between the Wannier gap and the modulus of |〈Uˆ2〉| for topological quadrupole insulator Eq. (D4). In (a)
and (b) we fix (γx, γy, λy, λx, λy) = (0.75, 1.0, 1.0, 1.0) and tune δ ∈ [−0.2, 0.2]. When δ = 0 (a) the Wannier gap closes and (b)
|〈Uˆ2〉| is the smallest. In (c) and (d) we fix (γx, λx, λy, δ) = (0.75, 1.0, 1.0, 0.0) and tune γy ∈ [0.75, 1.25]. (c) The Wannier gap
associated with the Wannier band νx(ky) closes at γy = 1.0 and (d) |〈Uˆ2〉| is the smallest around γy = 1.0. In all cases, the
Wannier gap is well-defined in the thermodynamic limit while |〈Uˆ2〉| vanishes in the thermodynamic limit.
dependence on the coordinate parametrization on the many-body operators. To be precise, let us consider the following
many-body operator which fully takes into account both the partial action and the coordinate parametrization issue.
Vˆ1(l, d) =
{
exp
[
2pii
l
∑
x(x− d)(nˆx − n)
]
for x ∈ [1, l]
1 otherwise
, (E6)
where we consider a finite system with size L, l > 0 is an integer smaller than or equal to L, atomic sites are labeled
by x ∈ {1, 2, · · · , L}, and n is the average filling per site. Similarly for quadrupole moment,
Vˆ2(l, d) =
{
exp
[
2pii
l2
∑
r=(x,y)(x− d)(y − d)(nˆr − n)
]
for r ∈ [1, l]× [1, l]
1 otherwise
, (E7)
where the whole system size is given by (L,L), l > 0 is an integer less than or equal to L, sites are labeled by
x, y ∈ {1, 2, · · · , L}, and n denotes the average filling per site. Here, we present the isotropic case, but anisotropic
as well as generalization to higher-order moments is immediate. Note that these are almost the same as the formula
Eq. (6) and Eq. (7) in the main text, but with an extra phase factors ∝ exp(2piin¯), which is the contribution from
background positive charges. Here d parametrizes the dependence on the “origin” of the coordinate systems.
Now we present numerical evaluation of Vˆ1(l, d) Eq. (E6) and Vˆ2(l, d) Eq. (E7) in the case of SSH chain Eq. (D3)
and topological quadrupole insulator Eq. (D5). Here, l denotes the linear system size within which the operator
Vn(l, d) acts nontrivially and d tunes the choice of the origin of our system. In FIG. 8, we present the results for δ = 0
and δ = 0.1, where the former has the quantization symmetries and the latter does not. We set (γ, λ) = (1.0, 2.0) for
FIG. 8 (a) and (c), and set (γx, γy, λx, λy) = (1.0, 1.0, 2.0, 2.0) for FIG. 8 (b) and (d). Hence for FIG. 8 (a) (FIG. 8
(b)), the ground state has topologically nontrivial polarization (quadrupole moment).
As expected, when l = L, 〈Vˆ1(l = L, d)〉, which is the original Resta’s operator, is independent of d due to the
charge conservation in the ground state. However, this is no longer true for 〈Vˆ1(l < L, d)〉 and 〈Vˆ2(l, d)〉 for all l,
which is summarized in FIG. 8 (a) and (b). As a result, for some choices of l and d, the complex phase of 〈Vˆn(l, d)〉
fails in capturing the ground state topological multipole moments. When δ = 0.1, quantization of 〈Vˆn(l, d)〉 no longer
exists and its complex phase can take arbitrary value, which can be seen in FIG. 8 (c) and (d).
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This behavior can be easily explained by considering the ultra-short correlated states. For the illustrational purpose,
we take the topological and trivial ground states of the polarization chain.
|GStriv〉 =
∏
n∈Z
|n〉, |GStop〉 =
∏
n∈Z
|n+ 1
2
〉. (E8)
For these ground states, we see that 〈GStriv|Vˆ1(l, l2 )|GStriv〉 = 〈GStop|Vˆ1(l, l2 )|GStop〉 = 1, signaling that the two
states cannot be distinguished if d = l2 . Similar discussion can be made for the quadrupolar insulators, too, and this
explains the lumps appearing in the numerical data Fig. 8.
FIG. 8. The complex phase of 〈Vˆ1(l, d)〉 and 〈Vˆ2(l, d)〉 for various l’s as a function of d. (a) and (c) correspond to the SSH chain
Eq. (D3) where we set (γ, λ) = (1.0, 2.0) and (c) δ = 0 and (d) δ = 0.1. (b) and (d) correspond to the topological quadrupole
insulator Eq. (D5) where we set (γx, γy, λx, λy) = (1.0, 1.0, 2.0, 2.0) and (c) δ = 0 and (d) δ = 0.1. While the ground state of
(a) and (b) are topologically nontrivial, for some l and d, the complex phase of 〈Vˆn(l, d)〉 becomes trivial. In (c) and (d), as a
function of d, we see “lumps”.
Appendix F: Application of Many-Body Order Parameter Uˆ2 on Generic C4-Symmetric Insulators
Recently, a new class of insulators in two dimensions, called Cn-symmetric insulators, are introduced
13 in which a
fractional charges can be localized in a corner when the system is subject to full open boundary condition, similar
to quadrupole insulators. Cn-symmetric insulators can be understood in terms of ”filling anomaly” which counts
the number of accesive or deficit of electrons between electrons at constant filling and electrons satisfying the charge
neutrality13. As a result of a nonzero filling anomaly, fractional charges are localized in all corners in a Cn respecting
mannar only when the bulk polarization becomes zero. To better understand our many-body operator Uˆ2 and its
relation to nested Wilson loop, let us focus on C4-symmetric cases with zero polarizations in Ref. 13. We consider
two models – 1) h
(4)
1b + h
(4)
2c , a model with average filling 3/8 and corner charge 1/4, and 2) h
(4)
2b , a model with 1/2
filling and corner charge 1/2, – where we use the notation introduced in Ref. 13. For these states, because they do
not posses the gap in the Wannier bands and so do not have the quadrupole order (the nested Wilson loop indices
require non-vanishing Wannier gaps), we expect the many-body order parameter, i.e., the phase value Qxy of Uˆ2, to
exhibit unstable continuum values instead of quatized values matching the corner charge. We explicitly confirm these
from the calculations below.
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1. h
(4)
1b + h
(4)
2c model
h
(4)
1b is a four-band model which has ”corner charge” e/4 at 1/4 filling. h
(4)
2c is also a four-band model which has 0
”corer charge” at 1/2 filling. Since both h
(4)
1b and h
(4)
2c have polarization P = (
e
2 ,
e
2 ), we stack them together so that
the net polarization becomes 013. Following Ref. 13, we turn on onsite hopping terms between orbitals of h
(4)
1b and
h
(4)
2c . The Bloch Hamiltonian is given by,
h
(4)
1/4(k) =
(
h
(4)
1b (k) γc
γ†c h
(4)
2c (k),
)
(F1)
where
h
(4)
1b (k) =

0 t+ eikx 0 t+ eiky
t+ e−ikx 0 t+ eiky 0
0 t+ e−iky 0 t+ e−ikx
t+ e−iky 0 t+ eikx 0
 , (F2)
h
(4)
2c (k) =

0 0 t+ 1.5eikx 0
0 0 0 t+ 1.5eiky
t+ 1.5e−ikx 0 0 0
0 t+ 1.5e−iky 0 0
 , (F3)
and
γc =
 t t 0 00 t t 00 0 t t
t 0 0 t
 . (F4)
Under the full open boundary condition, Eq. (F1) at 3/8 filling have quantized corner charge 3|e|/4 localized at
each corner13. While the corner charge remains quantized and localized when tuning the hopping parameter t from
0 to 0.25, the exepctation value of Uˆ2 is not, as shown in FIG. 9 (a) where strong even-odd effect is also shown. The
Wannier band is shown in FIG. 9 (b), where two degerate and one non-degerate flat bands are shown. This indicates
that Eq. (F1) at 3/8 filling does not have a stable quadrupole moment in the bulk, which is well reflected in our
many-body operator Uˆ2. Note also that the Wannier gap closes, so that the nested Wilson loop indices are not well
defined3, which is consistent with the unstable behavior of Uˆ2 with respect to the ground state of Eq. (F1) at 3/8
filling.
t
<latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4 BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5 cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAW sFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="8BnXHn/I+j8C9cOtJYWzarwqrd4=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH 3AHNJm2QzL2pKkwhj+Al/1t4n/QP+FN7EDdYimtD05956T3NzEmRTaBMFryVtZXVvfKG9WtqrbO7u1vWpHp7livM1SmapeHGkuRcLbRhjJe5ni0TSWvBtPLmy8e8+VFmlybWYZH0yjcSJGgkWGqJa5rdWDRuCGvwzCAtRRjGZae8ENhkjBkGMKjgSGsEQETU8f IQJkxA0wJ04REi7O8YAKaXPK4pQRETuh75hm/YJNaG49tVMzWkXSq0jp44g0KeUpwnY138Vz52zZ37znztPubUb/uPCaEmtwR+xfukXmf3W2FoMRzlwNgmrKHGOrY4VL7k7F7tz/UpUhh4w4i4cUV4SZUy7O2Xca7Wq3Zxu5+JvLtKydsyI3x7vdJTU4/NnOZdA 5aYRBI2wFKOMAhzimNp7iHFdoou0sH/GEZ+/Sk57+vApeqbgT+/g2vPwDKj6OSQ==</latexit><latexit sha1_base64="8BnXHn/I+j8C9cOtJYWzarwqrd4=">AAACuXicjVJdS8MwFD2rX3NOnb76UhyCT6P1RR8FQXzcwH 3AHNJm2QzL2pKkwhj+Al/1t4n/QP+FN7EDdYimtD05956T3NzEmRTaBMFryVtZXVvfKG9WtqrbO7u1vWpHp7livM1SmapeHGkuRcLbRhjJe5ni0TSWvBtPLmy8e8+VFmlybWYZH0yjcSJGgkWGqJa5rdWDRuCGvwzCAtRRjGZae8ENhkjBkGMKjgSGsEQETU8f IQJkxA0wJ04REi7O8YAKaXPK4pQRETuh75hm/YJNaG49tVMzWkXSq0jp44g0KeUpwnY138Vz52zZ37znztPubUb/uPCaEmtwR+xfukXmf3W2FoMRzlwNgmrKHGOrY4VL7k7F7tz/UpUhh4w4i4cUV4SZUy7O2Xca7Wq3Zxu5+JvLtKydsyI3x7vdJTU4/NnOZdA 5aYRBI2wFKOMAhzimNp7iHFdoou0sH/GEZ+/Sk57+vApeqbgT+/g2vPwDKj6OSQ==</latexit><latexit sha1_base64="38O1OFl9pGPQa3FZOaEYsY5R1sA=">AAACxHicjVHLSsNAFD2Nr/quunQTLIKrkrjRZVEQly3YB9 QiSTqtoZMHMxOhFP0Bt/pt4h/oX3hnnIJaRCckOXPuPWfm3hvmPJbK815LzsLi0vJKeXVtfWNza7uys9uWWSEi1ooynoluGEjG45S1VKw46+aCBUnIWSccn+t4544JGWfplZrkrJ8EozQexlGgiGqqm0rVq3lmufPAt6AKuxpZ5QXXGCBDhAIJGFIowhwBJD09 +PCQE9fHlDhBKDZxhnuskbagLEYZAbFj+o5o17NsSnvtKY06olM4vYKULg5Jk1GeIKxPc028MM6a/c17ajz13Sb0D61XQqzCLbF/6WaZ/9XpWhSGODU1xFRTbhhdXWRdCtMVfXP3S1WKHHLiNB5QXBCOjHLWZ9dopKld9zYw8TeTqVm9j2xugXd9Sxqw/3Oc86B 9XPO9mt/0qvUzO+oy9nGAI5rnCeq4RAMt4/2IJzw7Fw53pFN8pjolq9nDt+U8fABgXI91</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit><latexit sha1_base64="WMwLKTCLzKKYvbw3tt5Zp9/oTsM=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdFkUxGUL9g G1SDKd1qFpEmYmQin6A27128Q/0L/wzpiCWkQnJDlz7j1n5t4bppFQ2vNeC87C4tLySnG1tLa+sblV3t5pqSSTjDdZEiWyEwaKRyLmTS10xDup5ME4jHg7HJ2bePuOSyWS+EpPUt4bB8NYDAQLNFENfVOueFXPLnce+DmoIF/1pPyCa/SRgCHDGBwxNOEIARQ9 XfjwkBLXw5Q4SUjYOMc9SqTNKItTRkDsiL5D2nVzNqa98VRWzeiUiF5JShcHpEkoTxI2p7k2nllnw/7mPbWe5m4T+oe515hYjVti/9LNMv+rM7VoDHBqaxBUU2oZUx3LXTLbFXNz90tVmhxS4gzuU1wSZlY567NrNcrWbnob2PibzTSs2bM8N8O7uSUN2P85znn QOqr6XtVvHFdqZ/moi9jDPg5pnieo4RJ1NK33I57w7Fw4kaOc7DPVKeSaXXxbzsMHYZyPeQ==</latexit>
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<latexit sha1_base64="us/TMV08LP7ZscGEtE8E5x c088o=">AAADCnicjVHdThQxGD2MigiIi1x607gh4WozszHBS6Ih0TtIWCDZ2Ww6pTs0dH7S6RjJZN/AN/HOO+O tL+CVEV4A38KvtSQqIdLJdE7Pd86Zfm1Wa9XYOP6xEN27/2Dx4dKj5ZXVx2tPeutPD5uqNUKORKUrc5zxRmpVyp FVVsvj2kheZFoeZWevXf3onTSNqsoDe17LScHzUs2U4JaoaW83nRkuumTeDdNazVlq5Xtriu5tQThT+Ziluspp 4mWuJUtPue1G8+mQpSYwJJpMe/14EPvBboIkgD7C2Kt635HiBBUEWhSQKGEJa3A09IyRIEZN3AQdcYaQ8nWJOZb J25JKkoITe0ZzTqtxYEtau8zGuwX9RdNryMmwSZ6KdIaw+xvz9dYnO/a27M5nur2d0zcLWQWxFqfE/s93rbyrz/ ViMcNL34OinmrPuO5ESGn9qbidsz+6spRQE+fwCdUNYeGd1+fMvKfxvbuz5b5+5ZWOdWsRtC1+ul3SBSf/XudNc DgcJPEg2X/R33kVrnoJz/AcW3Sf29jBG+xhRNkf8Q0XuIw+RJ+iz9GX39JoIXg28NeIvv4CSH+reQ==</latexi t><latexit sha1_base64="us/TMV08LP7ZscGEtE8E5x c088o=">AAADCnicjVHdThQxGD2MigiIi1x607gh4WozszHBS6Ih0TtIWCDZ2Ww6pTs0dH7S6RjJZN/AN/HOO+O tL+CVEV4A38KvtSQqIdLJdE7Pd86Zfm1Wa9XYOP6xEN27/2Dx4dKj5ZXVx2tPeutPD5uqNUKORKUrc5zxRmpVyp FVVsvj2kheZFoeZWevXf3onTSNqsoDe17LScHzUs2U4JaoaW83nRkuumTeDdNazVlq5Xtriu5tQThT+Ziluspp 4mWuJUtPue1G8+mQpSYwJJpMe/14EPvBboIkgD7C2Kt635HiBBUEWhSQKGEJa3A09IyRIEZN3AQdcYaQ8nWJOZb J25JKkoITe0ZzTqtxYEtau8zGuwX9RdNryMmwSZ6KdIaw+xvz9dYnO/a27M5nur2d0zcLWQWxFqfE/s93rbyrz/ ViMcNL34OinmrPuO5ESGn9qbidsz+6spRQE+fwCdUNYeGd1+fMvKfxvbuz5b5+5ZWOdWsRtC1+ul3SBSf/XudNc DgcJPEg2X/R33kVrnoJz/AcW3Sf29jBG+xhRNkf8Q0XuIw+RJ+iz9GX39JoIXg28NeIvv4CSH+reQ==</latexi t><latexit sha1_base64="us/TMV08LP7ZscGEtE8E5x c088o=">AAADCnicjVHdThQxGD2MigiIi1x607gh4WozszHBS6Ih0TtIWCDZ2Ww6pTs0dH7S6RjJZN/AN/HOO+O tL+CVEV4A38KvtSQqIdLJdE7Pd86Zfm1Wa9XYOP6xEN27/2Dx4dKj5ZXVx2tPeutPD5uqNUKORKUrc5zxRmpVyp FVVsvj2kheZFoeZWevXf3onTSNqsoDe17LScHzUs2U4JaoaW83nRkuumTeDdNazVlq5Xtriu5tQThT+Ziluspp 4mWuJUtPue1G8+mQpSYwJJpMe/14EPvBboIkgD7C2Kt635HiBBUEWhSQKGEJa3A09IyRIEZN3AQdcYaQ8nWJOZb J25JKkoITe0ZzTqtxYEtau8zGuwX9RdNryMmwSZ6KdIaw+xvz9dYnO/a27M5nur2d0zcLWQWxFqfE/s93rbyrz/ ViMcNL34OinmrPuO5ESGn9qbidsz+6spRQE+fwCdUNYeGd1+fMvKfxvbuz5b5+5ZWOdWsRtC1+ul3SBSf/XudNc DgcJPEg2X/R33kVrnoJz/AcW3Sf29jBG+xhRNkf8Q0XuIw+RJ+iz9GX39JoIXg28NeIvv4CSH+reQ==</latexi t><latexit sha1_base64="us/TMV08LP7ZscGEtE8E5x c088o=">AAADCnicjVHdThQxGD2MigiIi1x607gh4WozszHBS6Ih0TtIWCDZ2Ww6pTs0dH7S6RjJZN/AN/HOO+O tL+CVEV4A38KvtSQqIdLJdE7Pd86Zfm1Wa9XYOP6xEN27/2Dx4dKj5ZXVx2tPeutPD5uqNUKORKUrc5zxRmpVyp FVVsvj2kheZFoeZWevXf3onTSNqsoDe17LScHzUs2U4JaoaW83nRkuumTeDdNazVlq5Xtriu5tQThT+Ziluspp 4mWuJUtPue1G8+mQpSYwJJpMe/14EPvBboIkgD7C2Kt635HiBBUEWhSQKGEJa3A09IyRIEZN3AQdcYaQ8nWJOZb J25JKkoITe0ZzTqtxYEtau8zGuwX9RdNryMmwSZ6KdIaw+xvz9dYnO/a27M5nur2d0zcLWQWxFqfE/s93rbyrz/ ViMcNL34OinmrPuO5ESGn9qbidsz+6spRQE+fwCdUNYeGd1+fMvKfxvbuz5b5+5ZWOdWsRtC1+ul3SBSf/XudNc DgcJPEg2X/R33kVrnoJz/AcW3Sf29jBG+xhRNkf8Q0XuIw+RJ+iz9GX39JoIXg28NeIvv4CSH+reQ==</latexi t>
(a)
<latexit sha1_base64="PUrdd di9Z8I1rlO9LZtdTb3cpyQ=">AAACz3icjVHLSsNAFD3GV62vqks3 wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xB bWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuG xuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbO IOR97jmSqE5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4S BGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7ds aGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cw rIFbiiti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFx CvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0Hjs GxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasx lmh18W8bDBx1PlB0=</latexit><latexit sha1_base64="PUrdd di9Z8I1rlO9LZtdTb3cpyQ=">AAACz3icjVHLSsNAFD3GV62vqks3 wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xB bWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuG xuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbO IOR97jmSqE5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4S BGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7ds aGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cw rIFbiiti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFx CvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0Hjs GxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasx lmh18W8bDBx1PlB0=</latexit><latexit sha1_base64="PUrdd di9Z8I1rlO9LZtdTb3cpyQ=">AAACz3icjVHLSsNAFD3GV62vqks3 wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xB bWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuG xuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbO IOR97jmSqE5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4S BGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7ds aGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cw rIFbiiti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFx CvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0Hjs GxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasx lmh18W8bDBx1PlB0=</latexit><latexit sha1_base64="PUrdd di9Z8I1rlO9LZtdTb3cpyQ=">AAACz3icjVHLSsNAFD3GV62vqks3 wSLUTUlE0GXRjcsW7APaIkk6rUPzYjJRS6m49Qfc6l+Jf6B/4Z0xB bWITkhy5tx7zsy91419nkjLep0z5hcWl5ZzK/nVtfWNzcLWdiOJUuG xuhf5kWi5TsJ8HrK65NJnrVgwJ3B91nSHZyrevGYi4VF4IUcx6wbO IOR97jmSqE5HslspgnHJOZhcFopW2dLLnAV2BorIVjUqvKCDHiJ4S BGAIYQk7MNBQk8bNizExHUxJk4Q4jrOMEGetCllMcpwiB3Sd0C7ds aGtFeeiVZ7dIpPryCliX3SRJQnCKvTTB1PtbNif/Mea091txH93cw rIFbiiti/dNPM/+pULRJ9nOgaONUUa0ZV52Uuqe6Kurn5pSpJDjFx CvcoLgh7Wjnts6k1ia5d9dbR8TedqVi197LcFO/qljRg++c4Z0Hjs GxbZbt2VKycZqPOYRd7KNE8j1HBOaqok3eMRzzh2agZN8adcf+Zasx lmh18W8bDBx1PlB0=</latexit>
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doubly degenerate
FIG. 9. (a) 1
2pi
Im log〈Uˆ2〉 as a function of hopping parameter t in Eq. (F1) with system sizes L = 16 and L = 17. For L = 16,
we take into account additional (−1) factor coming from background charge distribution. Note that both L = 16 and L = 17
show dependency in t while the fractional corner charge is independent of t ∈ [0, 0.25], hence indicating an unstable nature of
C4-insulator with respect to Uˆ2. (b) The Wannier band νx(ky) of the ground state of Eq. (F1) at 3/8 filling. We have one
doubly degenerate and one non-degenerate flat bands so that in total zero net polarization.
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FIG. 10. (a) 1
2pi
Im log〈Uˆ2〉 as a function of onsite C4-breaking parameter δ in Eq. (F5) with t = 0.3. Because of finite δ,
corner charge changes smoothly from a quantized value 0.5. Note that there is a mismatch between the corner charge and
1
2pi
Im log〈Uˆ2〉, showing an unstable nature of C4-symmetric insulator with respect to Uˆ2. (b) The Wannier band νx(ky) of the
ground stae of Eq. (F5) with t = 0.3 and δ = 0.3 and at 1/2 filling. The Wannier band becomes gapless at ky = 0, pi.
2. h
(4)
2b model
h
(4)
2b is a four-band model which has corner chage e/2 and vanishing polarization P = 0 at 1/2 filling. The Bloch
Hamiltonian is given by
h
(4)
1/2(k) ≡ h(4)2b (k) =

δ t ei(kx+ky) t
t −δ t ei(ky−kx)
e−i(kx+ky) t δ t
t ei(kx−ky) t −δ
 , (F5)
where t is the intra-site hopping parameter and δ is the strength of an onsite C4-symmetry breaking term. When
0 < t < 1 and δ = 0, the ground state at half-filling is a C4-symmetric insulator having zero polarization as well
as 1/2 corner charge localized at each corner. Moreove, 12pi Im log〈Uˆ2〉 equals 0.5 (0) when L is odd (even), as in the
case of topological quadrupole insulators. However, upon introucing symmetry breaking term, i.e., δ 6= 0, there exists
a mismatch between 12pi Im log〈Uˆ2〉 and the corner charge as shown in FIG. 10 (a). The Wannier band is shown in
FIG. 10 (b), where we see that the Wannier band is gapless at ky = 0 and pi. Since the Wannier bands are gapless the
nested Wilson loop indices are not well defined3, which is consistent with the unstable behavior of Uˆ2 with respect to
the ground state of Eq. (F5) at 1/2 filling.
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